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We consider the version of QCD in Euclidean Landau gauge in which the restriction to the 
Gribov region is implemented by a local, renormalizable action. This action depends on the Gribov 
parameter 7, with dimensions of (mass)*, whose value is fixed in terms of Aqcd, by the gap equation, 
known as the horizon condition, ^ = 0, where F is the quantum effective action. The restriction 
to the Gribov region suppresses gluons in the infrared, which nicely explains why gluons are not 
in the physical spectrum, but this only makes more mysterious the origin of the long-range force 
between quarks. In the present article we exhibit the symmetries of F, and show that the solution to 
the gap equation, which defines the classical vacuum, spontaneously breaks some of the symmetries 
of F. This implies the existence of massless Goldstone bosons and fermions that do not appear in 
the physical spectrum. Some of the Goldstone bosons may be exchanged between quarks, and are 
candidates for a long-range confining force. As an exact result we also find that in the infrared limit 
the gluon propagator vanishes like k^. 

PACS numbers: 12.38.-t, 12. 38. Aw, 12.38.Lg, 12.38.Gc 



I. INTRODUCTION 

We are reasonably confident that the interactions of 
quarks and gluons are correctly described by the non- 
Abelian gauge theory known as QCD. This confidence 
is based on the success of perturbative calculations at 
high energy and numerical calculations in lattice QCD. 
However we lack a satisfactory continuum description 
the phases of QCD, comparable to the Higgs model of 
electro-weak interactions, and it remains a challenge to 
understand the confinement of quarks and gluons at the 
non-perturbative level. There are several suggestive sce- 
narios, which involve the dual Meissner effect with con- 
densation of magnetic monopoles, the maximal Abelian 
gauge, the maximal center gauge, and the Coulomb 
gauge. There is also a scenario in Euclidean Landau 
gauge that originated with Gribov [l| that is based on 
the insight that there exist Gribov copies — that is to 
say gauge-equivalent configurations that nevertheless sat- 
isfy the (Landau) gauge condition — and moreover that 
the dynamics is strongly affected if one cuts off the Eu- 
clidean functional integral to avoid over-counting these 
copies.^ 

This cut-off is non-local in A-space. However just as 
the non-local Faddeev-Popov determinant may be rep- 
resented in a local action by means of Faddeev-Popov 
ghosts, so the non-local cut-off in ^-space may be repre- 
sented in a local action by means of additional fermionic 
and bosonic ghosts The renormalizibility of this lo- 

cal action has been established d, Hj , and its consistency 
has been studied 

Ideally one would like to cut off at the boundary of the 
fundamental modular region. A, which may be taken to 
be the set of absolute minima on each gauge orbit of the 



For a connection between scenarios in center and abelian gauge 
and the Gribov scenario, see 0. 



minimizing functional in D Euclidean dimensions jl8l - l20j 

Fa{9) ^ I d^x \^A\\ (1) 

Here ^Afj, ~ g^^A^g + g^^d^g is the transform of the 
non-abelian gauge potential A^{x) by the local gauge 
transformation g{x). However we lack an explicit de- 
scription of A, and we instead integrate over the Gribov 
region, 51, which is the set of relative minima on each 
gauge orbit of the minimizing functional, a region that is 
convex and bounded in every direction [20[ • The Gribov 
region is larger than the fundamental modular region, 
A C ft and A ^ 17 [l^. However, since the integral 
over Q can be represented as a functional integral with 
a local renormalizable action, it provides an interesting 
quantum field theory of non-abelian gauge fields which is 
worthy of study in its own right. Moreover the restriction 
to Q has dynamical consequences which substantiate the 
confinement scenario originally proposed by Gribov, so 
this provides a valuable pathway to confinement. In the 
present work we shall derive some exact dynamical con- 
sequences starting from the local, renormalizable action 
by the operation of the Goldstone mechanism. 

The organization of this article is as follows. In sect. II 
we introduce the local action S and the horizon condi- 
tion, and we exhibit a BRST operator that is explicitly 
but softly broken. The one-loop vacuum free energy is 
calculated in Appendix B. In sect. HI local sources and 
the quantum effective action T are introduced, and we 
show that F enjoys the rich symmetries of the BRST- 
invariant part of S, provided that the sources are suitably 
transformed. In sect. IV we show that the horizon con- 
dition spontaneously breaks the symmetries of F. The 
Slavnov- Taylor identity is derived in sect. V. Sect. VI 
is based on the results of Appendix A where the Ward 
identities corresponding to the equations of motion of 
the auxiliary ghosts are solved, as is the Ward identity 
corresponding to the integrated equation of motion of 
the Fadeev-Popov ghost c. This allows us to replace the 
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quantum effective action by the reduced quantum effec- 
tive action F*, which depends only on a reduced set of 
variables. In sect. VII the Slavnov- Taylor identity sat- 
isfied by r* is derived. In sect. VIII the global Ward 
identities satisfied by F* are derived, which include super- 
symmetry transformations. In sect. IX the basic tensor 
invariants under these symmetries are constructed. New 
on-shell symmetries are derived in sect. X, and the sur- 
viving tensor invariants are constructed. In sect. XI, F* 
is expanded about the symmetry-breaking vacuum deter- 
mined by the horizon condition, and the "flat" directions 
are found. In sect. XII the leading derivative terms in 
the "flat" directions are found. In sect. XIII the effective 
action in the infrared limit is exhibited. In sect. XIV 
the infrared limit of the propagators of the Goldstone 
particles is found. In sect. XV the infrared limit of the 
propagators of the gluon and the non-Goldstone ghosts 
is found. In sect. XVI the effective quark-quark inter- 
action due to the exchange of one Goldstone particle is 
found. Sect. XVII presents an alternative interpretation 
of the results in terms of spontaneous breaking of the 
symmetry of the local Langrangian density. Sect. XVIII 
contains our concluding remarks. 



II. LOCAL ACTION AND HORIZON 
CONDITION 

A local renormalizable action is defined by 

S = So + S^^ j d^x {Co + C^) (2) 

where 



FP ^aux-) 



(3) 



and 



Cfp = (1/4) Fl, i^^,hA^, ~ d^cD^c (4) 

is the Faddeev-Popov Lagrangian density. The Yang- 
Mills field tensor is written 



(5) 



where {A^ x A^Y = f°-'"'A''^Al. The Lagrange-multiplier 
field h imposes the Landau gauge condition d ■ A = 0. 
Without loss of generality we ignore the quark action 
which plays no role in the discussion. 

The second term in the Lagrangian density. 



Can. = dx4>f{Dx^^r' 
-ah \ 



ah 



(6) 



Lab 



involves a quartet of auxiliary bose and fermi ghosts, 
and Lo'l^ and corresponding anti-ghosts, (f)'l^ and that 
carry a Lorentz index /i and a pair of color indices a and h. 
The gauge-covariant derivative and the Lie commutator 



act on the first color index only, while the second color 



ab 



index is mute, thus (Dxcty^Y'' = dx(t>f + giAx x 0^) 
where {Ax x t/)^)'^'' = P"^" A'l<j>''^ . 

The last term in the action involves the Gribov mass 7, 
with engineering dimension to"*, 



.1/2 



-T" [ Dxi^x - M - {gDxc X Cux) r - fl, (7) 

where / = D{N'^ — 1) is the number of components of the 
gluon field A° . If this term were absent, the integral over 
the auxiliary bose and fermi ghosts would produce can- 
celling factors of the Faddeev-Popov determinant det M. , 
leaving the Faddeev-Popov action. The term is of 
dimension 2, whereas all other terms in C are of dimen- 
sion 4. The system just defined has been studied and 
its renormalizability established by considering the sym- 
metries of the 4-dimensional action £0, and treating the 
2-dimensional term as a soft breaking of these sym- 
metries 

The Gribov mass, 7, is not a new, free parameter in 
QCD, which would be unacceptable, but is determined 
in terms of h.QCD by the gap equation. 



dT{l) 
d-f 



0, 



where F(7) is the vacuum free energy, 



exphF(7)] ^ J d'i> exp[-5'($,7)] 



(8) 



(9) 



and = {A, c, c, b, </>, w, u), (j)) is the set of all fields. This 
gap equation is called "the horizon condition" because it 
was derived from the condition that the functional inte- 
gral be cut off at the Gribov horizon. The gap equation 
has no solution at tree level, because 



r(o)(7) ^($,7)k=o 



nf 



-7, 



(10) 



where Q is the Euclidean quantization volume, and the 



equation 



c?7 



-flf ~ indeed has no solution. At 



one-loop, the gap equation does have a solution, so it 
is an inherently non-perturbative condition, and yet, re- 
markably, it is compatible with perturbative renormal- 
ization. The one-loop contribution to the vacuum free 
energy, F^^)(7), is calculated in Appendix B, with the 
result 



F(7) _ 5(0,7) +r(i)(7) 



'1 



1- 



3Ng^ 
"8{M)'- 



In 



2Ng^j 



(11) 

where is a renormalization mass, and g = g{fi/ Aqcd) is 
the renormalized running coupling constant. For^ > 0, 
this function has a single stationary point^ at 



for 7 

m 



= 



1 dr 



= -1 - 



8(47r): 



In 



2iV.g2e7 



(12) 



^ This is true for all Euclidean dimension 1 < D < 4. See Ap- 
pendix B. 
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Thiseap equation has been calculated to two-loop or- 
der [3, 3 . The last equation reads 



n ^ dr _ -3Ng^ /^x 
nfd-/ 1287r2 'H7pJ 



where 



1 



Iph = M 



exp 



-1287r^ 



and has the solution 



7 = 7ph- 



(13) 



(14) 



(15) 



We define a BRST operator that acts on the Faddeev- 
Popov fields in the usual way 

sAf, = Df,c; sc= ~{g/2){cx c) 

sc ~ ib; sb = 0. (16) 

and that acts on the auxiliary ghosts according to 



SU!,, 



sujf = 
s'^t - 0. (17) 



It is nil-potent, = 0. This operator is a symmetry of 
the local lagrangian at 7 = 0, 



sCo = 0. 



(18) 



Indeed Cq may be written in the standard form for BRST 
gauge fixing, 

Co = (1/4)f2, + s{d^,cA,, + dxu)^Dx4>t.), (19) 

so sCq = follows from sF"^ = and = 0. For 7 7^ 
0, this symmetry is explicitly but softly broken by the 
term Cy of mass dimension 2, 

sC^ ^ 7'/'[^A^A + g{Dxc) X (20) 



III. THE SYMMETRY OF T IS THE 
SYMMETRY OF So 

It is helpful to consider the theory just defined as a spe- 
cial case of a more symmetric theory. As a first step, we 
write the multiplct of auxiliary ghosts as (j)f,ujf, w"*, (^°% 
instead of 0^'', a;"'', c^"'', so the index i on the aux- 
iliary ghosts substitutes for the previous pair of indices 
i = (b^fi), where b is the second color index, and fi the 
Lorentz index. The Lagrangian density Caux reads 

= dxr'iD^c^ir (21) 
-9acS"[ iDxu^r + ifjDxc X ], 

and the BRST operator acts according to 

= ojf; SLjf ^ 



s(p. 



The mute index i takes on the values i ~ 1..-/, where 
/ = [N'^ — 1)D, which is the number of components of 
the gluon field A'^. 

As a second step, we define the local extended ac- 
tion [3|. 



S($,Q) 



5'o($ 

+ iDxL0\Nxr 



{K^,sAf, 



iUlsDx^^) 



{MlDx^,) 
(23) 



+ {sDxCo\ Vx^) + {Ml Vx^) - {Ul Nxr), 



that depends upon local sources Q 
{K^,L<',M^\N^^,U^\Vp of composite operators, 

where (M*,£)A</'i) = / d^x M^'{x){Dx(t)iTix), etc. The 
local sources K and L are familiar from Faddeev-Popov 
theory. 

The action, S'o($) = / d^x Cq, 

appears in the defini- 
tion of E instead of the full action, S'($, 7) = / d^x (£0 + 
Cj) = So + Sj, defined in ([2]). However the full action is 
recovered from the extended action 



5($,7) = S($,gi), 



(24) 



by setting the external sources to the particular values 

Qi EE {Mr = Mf^ = -K^, = -VX? = 7'/' Sx.S^'; 

K = L = N = U = 0}, (25) 

where we have reverted to the previous notation, i = 
{b,ii). The last two terms in the extended action 
(M, V) — ([/, iV), depend only on the sources, and at Q = 
Qi the term (M, V) takes the constant value (M, V)\q^ ~ 
—f'-f which is the last term of C^, eq. The term 

{U,N), which vanishes at Q = Qi increases the symme- 
try of E, as we shall see shortly. 

The extended action E($, Q) has all the symmetries of 
the action S'o($), provided that the sources Q are suit- 
ably transformed. This is a far richer set than the sym- 
metries of the action S. It includes the Slavnov- Taylor 
identity that follows from the s-invariance of S'o, a U{f) 
symmetry that acts on the index i, and additional sym- 
metries found by Maggiore and Schaden [H which we will 
turn to shortly. 

We repeat for emphasis. The full action action S'($, 7) 
breaks the symmetries of <S'o(*I') softly but explicitly. By 
introducing external sources Q, we have replaced S'($, 7) 
by the extended action E($, Q) that respects all the sym- 
metries of S'o(^') when the sources Q are suitably trans- 
formed. The action S'($,7) = E($,(5i) is recovered 
at a point $ = 0, Q = Qi that breaks the symmetries 
of E($,(5). We shall see shortly that this symmetry- 
breaking point is spontaneously chosen by the horizon 
condition. 

To complete this section we introduce the quantum 
effective action r($,(5), that possess the symmetries of 
E($,(5), and thus of Sq. The partition function 



s<^" = 0. (22) 



Z(J,Q) = yd$exp[-E($,Q) + (J,$)], 



(26) 
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depends on the sources J a of all elementary fields $a and 
on the sources Q of composite fields. The free energy is 
defined by 



M^(J,Q) = lnZ(J,Q), 



(27) 



and the quantum effective action is obtained by Legendre 
transformation from W{J, Q), 

r($,Q) = (J„,$„)-Ty(J,Q) (28) 

where the "classical" fields are given by 

6W 



SJa ' 



and 



ST 



ST 

SQa 



sw 



SQa ' 



(29) 



(30) 



(31) 



where rja is a sign factor that depends on whether is 
bosonic or fcrmionic. Here and below we always take the 
left fcrmionic derivative. 



IV. SYMMETRY-BREAKING VACUUM 

Having generalized the parameter 7 to the local sources 
M{x),V{x), U{x), N{x), our next step will be to express 
the horizon condition, = 0, in terms of these 

sources. 

The only restriction on our statement of the horizon 
condition in this more general situation is that it reduce 



to 



ar(7) 



— at Q = Qi, where Qi is defined in ([25|) . 
For other values of Q, we may write any condition we 
wish, provided we reject any solution (if any there are) 
besides the one of the form Q = Qi. At Q = Qi, only 
the sources M and V depend on 7, and at Q = Qi we 
write M;^^(a;,7) and V/^l;{x,j). We have 



ar(A/(7),F(7)) 

d-f 



J, ( ST{M,V) dM-l{x,^) 
^ V SM<^,(x) 97 
, ST{M,V) dV^lix,^) 



SV-^{a 



.(32) 



where all other fields and sources are set to 0. At Q = Qi, 
we have, by (|25|) . 



dM-tix,j) _ av;t(x,7) 



1/2 



971/2 



ah 



(33) 



This yields, for the horizon condition 



ar(7) 

^7 



0, 



= I d^x 



ST 



tix) SV-^(x) 



<i.=U=N=K=L=0 

(34) 



It is shown in Appendix C that the two terms in in the 
last equation are equal at Qi, 

ST 

*=0,Q=Qi 

ST 



SM-l 



= - I d'^x S.J'' 



^yab 



=Qi 



(35) 



so, using the freedom to impose arbitrary conditions away 
from Qi, wc impose both conditions. 



and 



d^'x S.„X^ 



ST 



SM"''' 



ST 







<S>=U=N=K=L=0 



^yab 



= 0. 



<i>=U=N=K=L=0 



(36) 



(37) 



Moreover at Q = Qi, space-time invariance, Lorentz, and 
global gauge invariance are respected, so we may replace 
the last equations by the more stringent conditions. 



<5r 



SM-l 



ST 



<i>=U=N=K=L=0 



■i>=U=N=K=L=0 



0. 



(38) 



Finally we note that since N and U are both fcrmionic, 
we may give a more symmetric expression to these con- 
ditions by also getting {J = TV = as a consequence of 
two more stationary conditions, so we have altogether 



ST 



ST 



ST 



<1>=K=L=0 



$=_ff=L=0 



ST 



<S>=K=L=0 



(39) 



(We could also derive the condition $ = from the sta- 
tionary condition = = 0, that follows from the 
Legendre transformation and the absence of sources Jq.) 

The only solution to these equations that is of interest 
to us is of the form 



u ^ {Mr = Mil = -n^ = -< 



1/2 



Sxf^S ; 



K = L = N = U = 0}, 



(40) 



where jph has a definite value, as in the one-loop calcu- 
lation given above. If there are other solutions they are 
rejected. 

Observe that the classical vacuum, $ = 0,(5 = Qph, 
that is the solution to the horizon condition ([39|) . has less 
symmetry than the quantum effective action r($, Q). In 
particular the U{f) symmetry on the index i = {b,fi), 
noted above, is broken and, as we shall see, so are other 
symmetries. Thus there arc fiat directions of F at the 
classical vacuum, $ = 0,(5 = Qph, that correspond to 
Goldstone particles. We shall see that Goldstone bosons 
and Goldstone fermions both occur. 

To identify the Goldstone particles and evaluate their 
propagators, we must determine the Ward identities and 
the symmetries of F(<I>, Q), and the pattern of symmetry 
breaking at the symmetry-breaking vacuum $ = 0, (5 = 
Qph- This will occupy the bulk of the present article. 
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V. SLAVNOV- TAYLOR IDENTITY 

The Slavnov- Taylor identity that resuhs from the ex- 
phcit but soft breaking of the BRST operator s has been 
presented before [3| ■ We shah rederive it here by a some- 
what simpler method with a different separation of terms. 

We first derive the Slavnov- Taylor (ST) identity satis- 
fied by S. We use sSo ~ 0, which gives 



(5S 



N 



N 



6T. 



M 



(41) 



5U 
6u) 

The action of s on S may be expressed in terms of the 
sources, 



svJ 



6L 5c 6c 



6T. 



(42) 



The last two equations yield the ST identity satisfied by 
the local extended action, 



5(S) = 0, 



(43) 



where 
5(S) 



( 5T\ fj 5T\ 



- M. 



5T 



- N. 



ST 



' SV, 



Xfi 



(44) 



The Slavnov- Taylor identity for Z follows from the fact 
that the operator s is a derivative, and the integral of a 
derivative vanishes, 

0== y d$ sexp[-S+ (J,$)] (45) 

= y d$ [-sE + 77,(J„,s$„)]exphS + (J,$)], 

where t^q, = ±1 is a sign factor that depends on whether 
Ja is bosonic or fermionic. We use (|4ip for sS, which 
comes outside the integral. 



d$ sT ... = 



Likewise we have 



:( 



ST\ / ^ ST\ 
M, — ] + iN, — 1 



Z. 



SUJ V 'SVJ 



SUJ 



SVJ 



(46) 



(47) 



We thus obtain the Slavnov- Taylor identity satisfied by 
the partition function, 

EZ = 0, (48) 
where S is the linear differential operator 



■(*ii) + (-4) + (»4)- 



(49) 



The free energy W{J,Q) = \nZ{J,Q) satisfies the 
same equation, 



/ ^ sw\ f,dvy\ f^r \ 



sw-^ 



SW-' 



= 0. 



(50) 



It follows from the Legendre transformation ([50]) 
and ([5T|) that the quantum effective action F satisfies 
the same Slavnov- Taylor identity as the local action S, 



s{r) = 0, 

where 5(r) is defined in ([44l) . 



(51) 



VI. 



REDUCED QUANTUM EFFECTIVE 
ACTION 



In Appendix A we solve the Ward identities that 
correspond to the equations of motion of the fields 
c, 6, w, oj, 0. This gives the complete dependence of the 
quantum effective action F on these fields Also in 
Appendix A, the Ward identity corresponding to the in- 
tegrated equation of motion of the Faddeev-Popov ghost 
field c is solved. This is believed to be a new result. 

Ac cordi ng to eqs. f[M6\i . (fX42l) . dHZj, jHH]), 
and (|A50P , F is expressed in terms of the reduced quan- 
tum effective action F* 



F = Tinv + T*(A, dc, k, L, m, n, u, w). 



(52) 



that depends on a reduced number of variables defined 
by3 

"iam = ^hf, + dx4>f, - gcx {Uxf, - 9aw^) 
n\f, = A^A^ - dxi^f, - gcx (Va^ + d^cj)^) 
uxf^ = U\i_,~ d\uj^ 



(53) 



^ A more consistent notation for the reduced variables would be 
M* , N* ,U* ,V* , K* instead of m,n,u,v, k, but this would give 
the equations a rather baroque appearance. 
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and 

S,;„„ = {idxb, Ax) + (Mxf, + dx(j)^, gAx x 0^) 
+ igAx X (t>f,,Vxf_c) + {gAx x w^, Nx,,) 
+iUxp, - dxu}f_c,gAx xuj^) + {kx,gAx x c) 

+ (L,(-g/2)(cxc)). (54) 

This gives the complete dependence of F on 6, c and on 
the 4 auxihary ghosts 4>,oj,w,(j). Moreover T* depends 
only on the derivatives d^c of c, but not on c itself. 

Each term in Yimv contains at least one ghost field 
(c, 0, w, Lo) that is not differentiated whereas, according 
to ([53]) , only the derivatives of these ghost fields appear 
in the reduced action T* . but not the ghost fields them- 
selves. Consequently F* contains no radiative corrections 
to the terms in S],,i^ , and they are invariant under renor- 
malization. This includes in particular the gluon-ghost 
mixing term {Ml,g{Ax x 0^)) + {g{Ax x (jf),Vxi) which 
has the value j^^^gf'''"'A\{(f) - 0)^° at the values of the 
sources Q = Qi. 

The local extended action S has the same decomposi- 
tion as F, 

S = T,inv + T.*(A, dc, k, L, m, n, u, v), (55) 
where the reduced local action is given by 

d^x [{l/4)F^^ + kxdxc + mxfj.vxf_c - ua^^a^j]. 

(56) 

When the sources Q are given the values Qi, eq. ([25]). 
that correspond to the action S'($,7) = Y,{^,Qi), one 
has 

^^nv{Ql) = {idxb, Ax) + {i^'"^ 5x^1 + dx^^, gAx x <?i^) 
-^'^/'^{gAx X (t)f_, ,Sxf,I) - {dxCjf_,,gAx x w^) 
+{kx, gAx X c) + (L, (-.g/2)c x c), (57) 

where = Sab- Thus I]i„u(Qi) contains the gauge- 
fixing term, {idxb, Ax), all ghost-ghost-gluon vertices, 
and the quadratic terms / d^x -f^^^gf'''"'A\{(j)-(t>)f' that 
are responsible for gluon-ghost mixing. These terms are 
all invariant under renormalization. 

Expressions ([5^ and ([55]) for the quantum effective 
action F severely restrict possible counter terms. For 
example, no mass terms such as Tm?4>^4'^ are allowed. 



where we have separated out the part that is linear in F, 



CT 



and we find 



and 



Ma 



(60) 



(61) 



where 

Yx = -idxb + g{Uxf^ - dxuip) x - gu^^ x TVa^ 

+gA/;p X 0p - .9^^ X (^am - 7'/''^A^/), (62) 
so the contribution to S{T) from Sp is given by 



We also evaluate the partial derivatives, 
5T' _ 5F' 



5F' 



6T' 



sr' sr' 



g(l>fi X 



<5r' 



g^t^ 



SK'x 



(63) 

(64) 
(65) 
(66) 
(67) 



6uj 



5K{^ 

-g{Vx^-^'/'-Sx,l)x — 



(68) 



VII. SLAVNOV-TAYLOR IDENTITY SATISFIED 
BY REDUCED QUANTUM EFFECTIVE ACTION 

We shall derive the Slavnov- Taylor identity satisfied by 
the reduced quantum effective action in two steps. 

Step 1. We substitute expression (|A36|) for F into the 
ST identity ([5T|) to obtain an identity satisfied by the 
partially reduced quantum effective action F'. Wc first 
rewrite ([5T|) as 



5(F) 



f- , 

\6K' 6AJ 



cr = 0, 



(58) 



which yields 



CT' = - M[. 



Am' 



sr 



(69) 

The terms in Yx cancel, and the Slavnov- Taylor identity 
simplifies to 



5r_ 



N'x ^ 
6V' 



0. (70) 
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Step 2. Wc make the change of variable (jA47|) and 
(jA48|) with the resuh that the reduced quantum effective 
action satisfies the Slavnov- Taylor identity 

S*{T*) = Sl{T*) + {Cl+Cl)V*=0, (71) 

where 5Q(r*) is bilinear in F*, 



and 



(72) 



(5T* 5T* 5T* 5T* 

\ oL oc om\ 



dn 



(73) 



In Appendix A it is shown that the generator of trans- 
lation of the ghost c by a constant, 



5c"- 



(79) 



is a symmetry of F*, g*°-Y* = Q. If we commute 
with S* , we get the generator of rigid gauge transforma- 
tions, 



(80) 



-L X — + m\ X 



+ nxi X 



6 \" 



5nxi 



Svxi 



(81) 



-L X h m)^ x r- + nxi x 

oL 5m\ onxi 



^ d \ 
+"A X + X 

5u\ dvxi I 



(74) 



The linearized form of iS*(F*), defined by 

55*(F*) = Br-(5r* (75) 

is given by 



where 



(5 m 



A 



8 
Snx 



/6T* 



ST* 



V (5c (5mA 
This operator is nil-potent, 



Bl. = 0, 



(78) 



by virtue of the ST identity 5*(F*) = 0. 

The reduced ST identity and the linear operator Br* 
are independent of 7 and g. They expresses the geometric 
character of a quantum gauge theory, which is the same 
for 7 = and 7 7^ 0. 



VIII. GLOBAL WARD IDENTITIES 

An extensive set of Ward identities for the quantum ef- 
fective action F is provided in Here we shall express 
them as identities satisfied by the quantum effective ac- 
tion F*. 



as is obvious from (fM)) . It is a symmetry of F* 



•T7 *a Tn* n. 



(82) 



The fermionic operator. 



(83) 



is a super-symmetry of the extended local action 

7^^S = 0. (84) 

Here we have used the notation (/)° = <f>lf', where i = (/i, b) 
takes the values i = 1, .../ where / = D{N'^ — 1), and 
similarly for cj)^"' = cj)'^'', where j = (m, &), etc. In Sq 
the indices i and j are mute internal indices that carry a 
U{f) symmetry. 

Because TZf acts linearly on the fields, it is also a super- 
symmetry of the quantum effective action 



TZ^T = 0. 



(85) 



We write F = T,inv+T* , where F* is a reduced action, and 
make the change of variables, defined in ([52]) and ()53p . 
We have 



T^^v — n 



(86) 



and we obtain the reduced Ward identity 

7^■^^* = 0, (87) 

where 



( "-4; 



If we anti-commute TZ*-' with S* , 

Tl*3S*{T*) + = ^^(F*), (89) 
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we get the generator of global U(f) transformations that 
acts on the i and j indicies, 



up = / d 



X { — m 



The bosonic operator 
S 



is another symmetry of the extended local action 
F^Y. = 0. 



(90) 



(91) 



(92) 



It also acts linearly on the fields, and is a symmetry of 
the quantum effective action 



F^V = 0. 



(93) 



We have V = E,;„„ + F* , where F* is the reduced action, 
and find 



(94) 



Under the change of variable ([5^ and (|53p we obtain the 
reduced Ward identity 



where 



jc-*jp* = 0, 



If we commute J"** with S* , 
we get the new functional. 



(95) 
(96) 

(97) 



d^'x 



ST 

Jl 



/ ST ■ \ 

^(^A^+.(A.X.l)'') 

(98) 



which provides a new Ward identity by virtue of the pre- 
ceding identities. 



(99) 



a function of the tensor invariant obtained by this sum 
over i. 

The symmetries generated by TZ*-' and J^*^ are also 
global symmetries under which the variables transform 
linearly, and we wish to form invariants under these 
symmetries also. Because TZ*'' is a super-symmetry op- 
erator, the basic tensor invariant of which all others 
are constructed is obtained from contracting two super- 
multiplets. From the form of T?,*-', given in ([88]) . we see 
that m and n must appear together, multiplied respec- 
tively by V and u, and from the form of J-*^ , given in 
(|96p . we see that n and k must appear together, multi- 
plied respectively by u and dc. This suggests grouping 
these fields into the super-multiplets 



X 7 ' 



ai 



fc?) 



(100) 



which contain / bosonic and / + 1 fermionic components, 
and the index A = {i,j + f, 2/ -1-1) takes on 2/ -1-1 values. 
The requirement that quantities with derivatives, such as 
dn'ip'x^d^ip^y^ be TZ- and J'-invariants determines that the 
multiplets be formed as stated and not, for example, as 
(to", ri^^, c^ac") and (u^^, ~u'^\ fc^J). The fields or sources 
ri, m and k can only appear in combinations where upper 
and lower indices A are contracted. For example, the 
local extended action 



is expressed by 



where 



c . 



(101) 



(102) 



(103) 



In Faddeev-Popov theory we have tp'^'^ip'^ji = k'^df^c"', 
and we note in passing that p02p shows that the present 
theory with auxiliary bosons has the same number of in- 
dependent renormalization constants as Faddeev-Popov 
theory in Landau gauge, namely 2. We call invariants 
that are formed by contraction on the ^-indices "tpip- 
invariants" . They have fermi-ghost number 0. 

In our analysis of symmetry-breaking to find the Gold- 
stone and non-Goldstone modes we shall be interested in 
possible non-derivative terms in F*, for they are domi- 
nant in the infrared. They may be formed from the basic 
invariant tensor 



IX. INVARIANTS UNDER LINEAR 
SYMMETRIES 

The U(f) symmetry is a global symmetry under which 
the fields transform linearly. This symmetry is realized 
in F* by summing over upper and lower indices i or j 
such as, for example, di^u'^di^i,n\^ or ^^'l ^* 



rpab 



(104) 



Allowed non-derivative terms must also be Lorcntz and 
global color invariant, and arc formed by contraction on 
the Lorcntz and color indices. Possible invariant terms 
in r are thus 



rpaa 
MM' 



(rpaa\1 



rpahrpah 



rpabrpba 



(105) 



9 



The linear symmetries TZ* and J-*, leave u and v in- 
variant, 



Afe 



0, (106) 



so we may also make invariants under these symmetries 
and U{f) by contracting the i indices of and Vi, such 
as for example 



(107) 



Furthermore c and L are separately invariant under the 
linear symmetries, as is A, and moreover c appears only 
as the derivative 9^c. There are no other invariants under 
the linear symmetries U{f),TZ*, and T* 

We now consider the consequences of conservation of 
total fermi-ghost number. The invariant of uz;-type, such 
as (jl07p . has fermi-ghost number -1, so it appears in F 
only in association with an invariant that has fermi-ghost 
number -|- 1. The only invariant under the linear sym- 
metries with fermi-ghost -t-1 is d^c. So the uw-invariant 
must appear in the combination uvdc, for example 



(108) 



We call these "u7j9c-invariants." The only other invariant 
with fermi-ghost number is of Ldcdc-type, such as 



(109) 



These are the only invariants under the linear symmetries 
with fermi-ghost number 0. Since the reduced quantum 
effective action F* has fermi-ghost number zero, the only 
invariants that appear in it are of the 3 types we have 
found, 



ip'ip, uvdc, Ldcdc, 



(110) 



which may be freely combined with A. 

We assign separate Faddeev-Popov and auxilliary 
fermi-ghost number to the various fields and sources as 
shown. 





A 


c 


K 


L 


m 


n 


u v 


FP 





1 


-1 


-2 











aux 

















1 


-1 



Of the 3 possible invariant types with fermi-ghost 
number 0, the ipip and Ldcdc types separately con- 
serve Faddeev-Popov and auxiliary fermi-ghost number, 
whereas uvdc type has Faddeev-Popov fermi-ghost num- 
ber -|-1 and auxiliary fermi-ghost number -1. Thus, al- 
though Faddeev-Popov and auxiliary fermi-ghost number 
are not separately conserved, there is no invariant with 
negative Faddeev-Popov ghost number. Consequently 
when we decompose F* into terms with definite Faddeev- 
Popov fermi-ghost number n, no negative terms appear 
in the sum 



r* 



(111) 



This will simplify the calculation of the propagators. 

To obtain invariants under the Slavnov- Taylor identity 
is more difficult because it is non-linear. The following 
statement is useful in this regard, but it is not as strong 
as one would like because it does not solve the problem 
of j4-dependence. 

Statement: an action formed from linear combinations 
of the tensor invariants given in il05\) satisfies all the 
Ward identities and the Slavnov- Taylor identity ^71\ ) of 
the reduced quantum effective action T* . 

We shall prove this for a particular example, but the 
proof is easily generalized to any linear combination of 
the tensor invariants. For our example we take 



rf^x(i/2)(T;; + /7p.)2 



(112) 



where = V'J^'^V'^b- It is straightforward to verify 
that the global Ward identities are satisfied, 

n*^I = T*U = T*^I = 0. (113) 

To show that / satisfies the ST identity ^ 

S*{I)^0. (114) 

we observe that 



^ = ^ = 
SA SL ' 



(115) 



so Sq{I) = 0. We also have 
SI 



-{1/2) n';{TZ + flph). (116) 



51 

Sv' 



- = (i/2)mi(r;; + /7p/.), 



so 



SI\ 



(117) 



(118) 



ri=0 



and we conclude Cil = 0. The only slightly non-trivial 
part of the calculation of involves 

2 J d^xc.(fcAX^ + (l/2)cx^) 

= y d^x c • ((^A X d^c){T;:; + fjph) 

+ (l/2)(cx9,[fc,(T;^" + /7p.)]; 

= I rf^x[(c X dxc) - {l/2)dx{c X c)]fcA(T;; + /7p„) 
= 0. (119) 

We conclude that QI = 0, so the ST identity, S*{I) = 0, 
is satisfied. □ 
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X. ON-SHELL SYMMETRIES 

We shall not attempt to further exploit BRST sym- 
metry. Instead we shall go on-shell and consider on-shcU 
symmetries. The only appearance of c in the action S oc- 
curs in the Faddccv-Popov ghost action {d^c,D^c). We 
cancel all other terms in the action that are linear in c, 
and thus of the form (L,c), by the shift 

c^c-A-r^L. (120) 

This cancels the third term in 

Sau. = J d'^x {dxr\Dx<P,T (121) 
-dxuj"''^ {D),u,r + {gDxcxcj>,r ] }. 
which simplifies to 

Saux = y"d^x [aA0"(-DA0O"-aAcS" {Dxuj.r ]. (122) 

This allows us to ignore off-diagonal correlators of the 
type uic, which correspond to ri > 1 in (jllip . 

We form the real and imaginary parts of the bose ghost, 



= (0^ + 0")/V2; i;" = (0^ - 0"')/V2i, (123) 
and, after integrating by parts, we obtain 

Saux = J d^'x [ {l/2)dxXt{DxX,Y 

{Dxuj^Y ]. (124) 

Wc now integrate out the Lagrange multiplier field 6, 
so the transversality condition d\A\ = is satisfied 
identically (on-shell gauge condition). This makes the 
Faddeev-Popov operator symmetric, M = —d\D\ = 
~D\dx ~ M'l', and we obtain 

Saux = Jd^'xi {l/2)dxX^{D)^X,r 

-Saw" {Dxu;^r ]■ (125) 

To display the symmetries of the bosonic part of the 
action, we form the vector 



z; = (xf,r/), 

where p = I, ...2/, so the action reads 



(126) 



Saux = / d^'x [ {l/2)dxZ;{DxZpr-dxu-' {Dxu^r ]■ 

(127) 

The bosonic part displays an 0{2f) symmetry that acts 
on the index p. This symmetry group has f{2f — 1) real 
parameters whereas the U{f) symmetry group previously 
displayed has only real parameters. Thus the 0(2/) 



symmetry group is more restrictive, which reduces the 
number of invariant tensors. 

The only bilinear invariants that may be formed are 
given by Z^Z^, which may be expressed in terms of the 
original fields, 



P P 



va yb I vavb 



(128) 



The last term corresponds to the the symmetric part of 
the tensor invariant (|104p when external sources are in- 
troduced. The reduced variables involve the derivatives 
of the fields, so we replace 0° and 0^ by dx(l>f and dfj,(j)'l 
in the above analysis. Our analysis of invariants may 
be applied to the 0(2/) symmetry, with the conclusion 
that only the symmetric part of the tensor invariant (jl04p 
found previously, 

T;it + = i^f^lA + (129) 
is a tensor invariant under the larger symmetry group. 



XI. EXPANSION OF T* ABOUT THE 
SYMMETRY BREAKING VACUUM 

There remains to express the horizon condition in 
terms of the reduced quantum effective action F* and 
the reduced variables. By ([M)) . we see that 



5M 



5V 



*=0 



5N 



5U 



0, 



(130) 



so in terms of F* the horizon condition reads, by (j53p . 



5T* 



ST* 



5T* 



<S>=K=L=0 



$=K=L=0 



6r* 



<S>=K=L=0 



= 0, 



0. (131) 



This defines the symmetry-breaking vacuum. 

As in the Higgs model, to identify the Goldstonc par- 
ticles we expand the reduced effective action F* about 
the symmetry-breaking stationary point, keeping terms 
that are quadratic. We are concerned with the infrared 
behavior, and as a first task we consider that part of F* 
in which there are no derivatives of the reduced variables, 
A, dc, k, L, m, n, u, v, and which we call Fq. 

We temporarily ignore the dependence of the reduced 
quantum effective action F* on A, which we may do be- 
cause the global symmetries TZ^ and J-'^ leave A invariant. 
Then F* is a function of the bilinear invariant we have 
just found. To expand F* about the stationary point 
<f> = 0, Q = Qph; cq. ((40|) . we need a tensor invari- 
ant that vanishes at this point, so it is a small quantity 
nearby. At this stationary point, the tensor invariant we 
have just found has the value 



(1/2) (T"^ 



ab 



(132) 
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By subtracting out this term, we obtain the desired ten- 
sor invariant 



EE (1/2)(T- + r-) + jp,5,,6'^\ 
that satisfies 

It is symmetric upon interchange of both indices 



(133) 
(134) 
(135) 



We expand Fq (the part of the reduced effective ac- 
tion r* that involves no derivatives of the reduced vari- 
ables) in powers of this invariant tensor, 

rs^l d^x[as;;,+/3(s;;,)2+5s^t<.+<.s^".], (i36) 

where terms of order and higher are neglected. At 
the stationary point p3ip . we have ^ 7^ 0, so the first 
coefficient must vanish, a = 0, and we obtain. 



rS = y d^x [/3(s-)2 + S.;is;i + esf^s^l], (137) 

where we have neglected terms that are higher order in s. 

To find the infrared limit of the propagators, we ex- 
press the reduced variables in terms of the fields. At the 
stationary point Qph, eq. ([^0]) . they are given by 







1/2 r rab , 
Iph "tJ-v" ^ 




■a. 




= v"^ = 







































(138) 



by (go]) and ([53]), where the term 7^/^5/'^"^w°^ in k"^ has 
been dropped because of the shift (|120p . This gives 



(l/2)(m-«^ + rr^vl^) + ... + ^^uS^.J'''' 
(l/2)(7pf'5,A5- + a^^-) 
X (-7pf '5.A<5'"= + d.^\^) + a) O {u, b)) 
+... + ^phS^uS"'' 



(139) 



where the dots in the last line represent terms that are 
quadratic in the fields. The leading term is linear in the 

1 /2 

fields, with coefficient . 

We substitute this expression for into (|137p and 
obtain 



r* = 



-iph 



d,y, 



ba\2 



+e{dpYf + d,Y^^''){d^Y^- + a,r;^)) , (i40) 



where /?, 5, e are unknown constants. We decompose Y'^'' 
into its color-symmetric and anti-symmetric parts, ^ 

yj'^'')^(i/2)(r;'' + y^^°) 
yj"^i^(i/2)(y;^-y^^''), (i43) 

which gives 



(1/2) j d^x (/3(9^yJ'''' + d^Y^f-'^'^f (144) 
+ (<5/2)(a^y["^l - d^Yjt'^f + aidpY^'^f) , 



where a, /?, 5 are (renamed) constants, and repeated in- 
dices are summed over. To decompose into longitudinal 
and transverse parts, we write 

(9^yJ'^^) + 9.yj'^''))2 = (a^yj'^^) - ^.yj'"'))^ 

+49^yJ''^)a,yj'^''), (ms) 

and obtain, after integration by parts, the final form 



of r 



0' 



(1/2) / d^x {{5l2){d^Y^^'^-d,Yl'^'^f 



^m^^y^''^ - a.y.i'^'))' + 4(a^y )2 



+a{dpY^'^f). (146) 

The only components of d^Y^^ that are absent are the 
longitudinal part that is anti-symmetric in color in- 
dices, dpXjt^y 

The terms that appear in the last expression arc the 
non-flat directions, provided that the coefficients are non- 
zero. The ghost fields that do not appear are flat di- 
rections and represent Goldstone bosons and fermions. 
These are c, c, and 9^yj"'''. If there are addi- 

tional constraints in addition to those found here (and 
it should be noted that we have not implemented BRST 
symmetry exactly), there could be more flat directions 
corresponding to more Goldstone ghosts. 



XII. DERIVATIVE TERMS IN REDUCED 
EFFECTIVE ACTION 



Recall that the effective action Fg contains all non- 
derivative quadratic terms in the reduced quantum effec- 
tive action T* that are allowed by the symmetries of T* . 



^ For SU(2) the further decomposition of these parts into irre- 
ducible representations labeled by their dimension is given by 

=10 5- = 3 (141) 

and for SU(3) it is 

y{<''') = 1 © 8 ® 27; y 80 10®T0. (142) 
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To evaluate the infrared limit of the propagators of fields 
that do not appear in Fq, we must evaluate the quadratie 
terms that that involve first derivatives of the reduced 
variables, and that are invariant under the symmetries 

of r*. 

They are obtained by applying derivatives to the super- 
multiplets, out of whieh the bilinear invariant (jl04[) was 
eonstructed, that possesses the global 0(2/) symmetry, 
namely 

This is quadratie in the fields because the derivatives kill 

1/2 

the constant term that appears in p38p . In principle 
we should take the symmetric part, as in ()129|1 . however 
only the symmetric part will contribute. The most gen- 
eral color and Lorentz invariant that can be constructed 
from this tensor is given by 

rl = J d^'x ied^^,5x. + CSnxS^,) d^^f d^^^^B, (148) 

where e and C are unknown constants for which only per- 
turbative calculations are available. In principle there 
could be a third term 6,^,^6 x^^di^^p'^^ d^^p'^g, but it may 
be brought into the form of the second term by partial 
integration. We substitute (|138p and obtain 

= J (efJ^p^Ai/ + CSf^xSfj.^) 

= j d^x r^id'^^)"' d^(t>^ - d^w"' d^oj^ 

= J d^x i][{l/2){d^Xff + {l/2){d^Y^'')^ 

-a^cj" d^uj^ - d^c"" d^c"]. (149) 

where r] = e + ^, and we have written i = (A, b) for the 
index i on X° and We have obtained second deriva- 
tives of the fields, because the reduced variables m,v,u,n 
arc themselves first derivatives of the field variables. 



XIII. EFFECTIVE ACTION IN THE INFRARED 
LIMIT 



The 6-field has been integrated out, so the only remaining 
quadratie term in is, by (I57p . 

^inv.g = J d^'x ili^gAx X (0 - ^)xr 

= |d^x^V2^li'gr'^A\Y^, (151) 

In the reduced action T* we also expect terms of the 
form 

d^p^tpB A; i^^dijB A; i^^^jg dA. (152) 

However when the physical values of the reduced vari- 
ables (|138p are substituted, they are at most of order 

d^M; d'^<j)A- r^-'dcfy^^dA"- r^-'d^^^dA" (153) 

and they are subleading in momentum compared to 
'^inv,q, and we neglect them. 

Finally, there is a term quadratic in A, which we write 

as 

r* = (l/2)(A,«;A), (154) 

where k, has not been determined, but is restricted to 
either 

K = A/2 or K = -hd"^. (155) 

The complete quadratic action in the neighborhood of 
the classical vacuum that spontaneously breaks the sym- 
metry is given by 

r, = s,„„,, + r* + rt-fr*, (i56) 

where the individual terms are given in (|15ip . (|146p . 
(fT49ll . and (fT54ll . 

XIV. INFRARED LIMIT OF PROPAGATORS 
OF GOLDSTONE PARTICLES 

Having obtained the quadratie part of the reduced 
quantum effective action T* in the neighborhood of the 
classical vacuum, we can calculate the infrared asymp- 
totic limit of the propagators. 

The fields X, w, w, c, c, and , do not appear in 

or Yiinv^q. These flat directions deflne the Goldstone par- 
ticles. From (|149p we can immediately write the asymp- 
totic, infrared propagators in momentum space. 



According to the quantum effective action is given , ycd\ '^A/j'^'"^^'"^ ,^ rc,\ 

by F = S,„„ + F*. We keep the quadratic parts of each / " ^(fc2)2 • y^^^> 

term. 

They exhibit a double pole, as originally found by Gribov 
Vq ~ 'Sinv,q + ■ (150) for the cc propagator in a one-loop calculation [l|. Here 
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we find that this double pole is an exact consequence 
of the Goldstone mechanism which is non-perturbative. 
This accords with the intuitive picture, substantiated 
by numerical studies according to which the re- 
striction to the interior of the Gribov horizon entropi- 
cally favors population close to the Gribov horizon where 
the Faddeev-Popov operator M has its first (non-trivial) 
zero-eigenvalue, and thus for the fermi-ghost propagator 
Dcc{x — y) = {{M~^)xy) to be enhanced in the infrared. 
The Goldstone mechanism is doing the job it should. 

According to (|146p , the only remaining Goldstone par- 
ticle is the longitudinal part of Y^f''^ . We decompose F^"''' 
into its transverse and longitudinal parts. 



Vlab] _ TA[afc] y[a6] 



(159) 



where 

The propagator of Y^^'^ is found from the restriction of Tl 

ab] 



to yI°;^J, namely, by (fTlQ]) . 



(161) 



which gives for the propagator 



= ^ ^M^(^)' (162) 



where 



(163) 



is the longitudinal projector, and 

g[abUcd] ^ (l/2)(5«cj'"i _ S^^S""^), (164) 

is the identity in the color anti-symmetric subspace. As 
we shall discuss shortly, this propagator is a candidate 
for a carrier of a long range force. 

This completes the evaluation of the propagators of the 
Goldstone particles. They all have double poles l/(fc^)^. 



XV. PROPAGATORS OF GLUON 
NON-GOLDSTONE GHOSTS 

The non-Goldstone particles consist of A, Yji"'''', the 
color-symmetric part of Y"^^, and Y^p^^, the transverse 
part of the color-anti-symmetric part of Y'^"''. 

All components of the symmetric part, Ylf'^\ appear 

in Fq, the non-derivative part of F*, so the Y)i°^^ corre- 
spond to non-flat directions, and are not Goldstone par- 
ticles. The infrared limit of their propagators may be 
read off from Fq. They have simple poles. 



1 



(165) 



with a color and Lorcntz structure that is easily obtained 
by inverting the color-symmetric part of (jl46p . that is, 
the terms with coefficient a and /3. Because the reduced 
variables depend on the derivatives of the ghost flelds, the 
Goldstone particles have double poles instead of simple 
poles and the non-Goldstone particles that appear only in 
the reduced quantum effective action have simple poles. 

There remains to evaluate the propagators of A 
and Y^p^^ . The color adjoint part of Y^^^, deflned by 



Yl^^{l/^N)r''Y£;, 



\ca] 



(166) 



mixes with A in E^. 

\ab] 



and the orthogonal components 



of Yj,^ will have simple 1/k poles. To flnd these prop- 
agators, we separate out the part of the effective action 
that contains the gluon and ghost modes that mix. 



\^li'9{2Nf''A\ Yl 



+{5l2){d^Yl,Y + (1/2)(A, kA) , (167) 



where 5 comes from (jl46|l . In momentum space this ac- 
tion corresponds to the matrix 



/ 



5e 



where k = or k = bk^ . The determinant of this 
matrix is given by 



det = K 5k^ + 2Ng^-fph, 



(168) 



but for either value of k, it is dominated in the infrared 
limit by the second term. This gives for the transverse ad- 
joint propagators of A° and Y^ ^ in the infrared asymp- 
totic limit. 



2Ng^jph 



{A^Y^) 



ky 



(2iV52^p,)i/2 



%ab 



2Ng^jp,, 



(169) 



(170) 



(171) 



These three propagators are short range. 

The gluon propagator vanishes like k^ at k = 
0. This non-perturbative result comes from the non- 
rcnormalization of the A-Y mixing term and, by the 
magic of the inverse of a 2 x 2 matrix, from the term Sk'^ 
in the quantum effective action of the K-ghost. 

We use the projector onto the color-adjoint part. 



pab,cd _ (l/_/V) ^ ^ jaef) j-c 



(172) 
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pab^cd pcd,ef pab,ef (173) 

to find the propagator in the original basis, 



_j_^j[<ib].[crf] _ pab,cd\_}_\ 



(174) 



where 6 comes from p46p . 



abc 



XVI. GOLDSTONE GHOSTS AS CARRIERS OF 
LONG-RANGE FORCE 



The X-bose-ghost appears only in closed loops, like the 
fermi-ghosts, so it cannot be exchanged between quarks. 
In fact, if the X-field is integrated out, one obtains the 
factor, (detM)"^''^, which partially cancels the factor 
(det M)^ produced by the / auxiliary fermi-ghost pairs 
w'wi, where detM is the Faddeev- Popov determinant. 

On the other hand, the y-bose-ghost mixes with the 
gluon field, so although it does not couple directly to a 
quark line, it couples to a quark line indirectly through 
vertex diagrams r^(p, fc), where p and k are the quark 
and y-ghost momentum respectively. For example, a Y 
can convert to a gluon A and another Y at the elemen- 
tary vertex, g f^^Y^;'^ A^^d ^.Y^'^ . The new Y then converts 
to a second gluon A by a Day propagator. Both gluons 
are then absorbed by a quark line. Thus the F's have 
an effective coupling to the color-charge of quarks. We 
have found that a double pole occurs in the y^"^' chan- 
nel which has a piece, Yl^^ = (l///V)/"'"=yi^^', in the 
adjoint representation. The result is an effective quark- 
quark interaction given by 



g-A'^r,(p,fc)q^ 



1 



g'A"r,(p',fc)g'. (176) 



At first sight it appears that the double pole cor- 
responds to a linearly rising potential between quarks. 
However in Landau gauge, an external ghost k momen- 
tum factors out of every vertex diagram with an external 
ghost line,^ so the ^-ghost-quark vertex is of the form 



where 



r^(p, k) = H^^{p, k)k^, 



^ This may be seen from II53I I where only the derivatives 
d<j> appear in the reduced variables m and v. 



(177) 



(178) 



and 



is finite at fc = 0. Thus the quark-quark interaction due 
to exchange of a single Y quantum is given, at small fc, 
by 

qX'^Ho,Mq q'X'^HoMp'W, (179) 

The on-shell form factor, with p^ — and p'^ = m'^, 
and with Dirac spinors satisfying 

j-p q{p) ~ m q{p); q{p+k) j-{p+k) = m q{p+k) (180) 

is given at small fc, by 

qX^H^.M^k^k.^qX'^q [ci{p ■ kf + c^^]. (181) 

Thus the exchange of a F-type Goldstone boson between 
quarks results in the effective quark-quark interaction 



qX^q 



[Ci{p-kf +C2e][c\{p' -kf +C'^e 
(fc2)3 



q'X^-q'. (182) 



This interaction is of order l/fc^ and does not repre- 
sent a linearly rising potential between quarks. Neverthe- 
less it does correspond to one-particle exchange between 
quarks of a massless quantum in the color-adjoint rep- 
resentation. A further non-perturbative analysis, which 
we do not attempt here, would be required to determine 
if it can be the origin of a confining force. Moreover, as 
we have noted, there could be additional flat directions 
corresponding to additional Goldstone bosons in the Yt 
channel, which would modify this effective quark-quark 
interaction. We shall return to this possibility in the 
concluding section. A one-loop calculation of the effec- 
tive potential between quarks using the present action is 
reported in (Tsj . 



XVII. SYMMETRIES OF THE LAGRANGIAN 
DENSITY 

This section offers a possible interpretation of the spon- 
taneous symmetry breaking we have found, but it does 
not modify the calculation reported here. 

Recall that the symmetry-breaking we have found 
occurs spontaneously in the quantum effective ac- 
tion r($, Q) when the sources Q are transformed appro- 
priately. Indeed, we have seen in sect. |lll] that r($,(3) 
obeys Ward identities that express the global symme- 
tries TZl , and , and the BRST-symmetry s of . These 
symmetries are explicitly, though softly, broken by the di- 
mension 2 term in the local action S. It is natural to 
ask, "Could these symmetries of the quantum effective 
action F also be symmetries of the local action SI" 

To make the question precise, we quantize in a periodic 
Euclidean box. In this case, the answer to the question 
is "No, s and 7?.f, and are not symmetries of the 
action S. But they are symmetries of the Lagrangian 
density C that hold locally, within each coordinate patch 
in which the Cartesian coordinates arc well defined." 
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(The coordinates are not well defined globally on a 
periodic box because they are not periodic.) 

Within such a coordinate patch, the Lagrangian den- 
sity C = Cq + aX finite Gribov mass 7 may be obtained 
from £0 at 7 = by the change of variable @ , 



where 





K,b, c) 





























(183) 



(184) 



and all other field variables are unchanged. By this 
change of variable, each symmetry X of Cq is translated 
into a symmetry of £. A thorough analysis of the sym- 
metries of Cq is presented in Q . 

The change of variable contains explicitly, so it is 
not translation invariant. Nevertheless both local La- 
grangian densities Cq and C are translation-invariant. 
This happens because both Ldagrangian densities are in- 
variant under shift of and (j) by constants. 



+ a^S'^', (185) 



with a compensating shift of b and c. We have not con- 
sidered this invariance explicitly because it is implicit in 
the solution of the equations of motion of the ghost fields 
given in Appendix A that is used in ()53|1 . 

We exhibit the BRST operator that is a symmetry of C. 
An alternative non-local BRST operator that is a sym- 
metry of 5* may be found in [2l|. For this purpose we 
introduce the operator s that acts on the Faddeev-Popov 
fields in the usual way 

sA = Dc; sc = -{g/2)cx c; sc* ^ ib*; s6* = 0, 

(186) 

and that acts on the (untransformed) auxiliary ghosts 
according to 



swf = 

-ab 



= 0. (187) 



It is a symmetry of CQ{(pfj,, (pu,b*,c*), 
sCo{ipfj,,(p^, b* , c*) = 0. 



(188) 



point x, so a; = '^{x), etc. Since this is merely a change 
of variable, s is a symmetry of £((/>^, (j)^, b, c). 



sC( 



bv,b, c) = 0. 



(190) 



The symmetry s is spontaneously broken because the 
vacuum state satisfies 

{sCof) = ( {^f + j'^^.S'^") ) = ^'/'x.S'"' + 0, (191) 

so the expccation-value of an s-cxact quantitiy is non- 
zero. 

Because of the Ward identities satisfied by the auxil- 
iary ghosts, the reduced quantum effective action 



r*(TO,w,...) =r*(A/ + 90,^ + 90,...) 



(192) 



depends only on the combinations m — M ^ d(j) and 
V = V + d(j). The symmetry-breaking vacuum is given by 
TO — —V — "i^l"^ ^ and we may cquivalently attribute 7"'^/^ 
either to the sources M ^ —V = 7^^^, as we have done 
previously, or to the fields ip'^^ = —(p'^^ = ^^^'^x^5°'^. If it 
is attributed to the sources, then C breaks the symmetry 
explicitly but softly; if it is attributed to the fields then C 
breaks the symmetry spontaneously. 

Although these two points of view are strictly equiv- 
alent for the purpose of calculating the propagators, it 
may be helpful, when considering the problem of unitar- 
ity and positivity of the present approach, to consider 
the BRST symmetry as being spontaneously broken. 

Finally wc note that a sufficient condition for the ex- 
istence of a conserved BRST Noether current is that the 
symmetry operator s be well defined within a coordinate 
patch. To exhibit this current, consider the infinitesimal 
variation 

5^, = e(x)s$„ (193) 

where e{x) vanishes outside a coordinate patch on which 
the coordinate a;^ is well defined, but is an otherwise 
arbitrary function of x. Since s is a symmetry of the 
Lagrangian density, wc have, by Nocther's theorem, 



5C = jf^df^e, 



where 



dC 



(194) 



(195) 



is the conserved BRST current. 



XVIII. DISCUSSION 



Under the change of variable (|184|) . s acts on the trans- 
formed fields according to 



suf = rj' + I'/^x^S^"; Sr," = 0, (189) 

and the action on the other fields is unchanged. Here 
the fields are evaluated within a coordinate patch at the 



In the present work we have shown that the fermi 
ghosts and some bose ghosts are the Goldstone parti- 
cles of a symmetry that is spontaneously broken at the 
level of the quantum effective action F. Their propaga- 
tors possess a double pole. 



DXX ^ Dy[ab]Ylad] 



(fc2)2 



(196) 
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The double pole in the fermi ghost propagator agrees 
with the Kugo-Ojima confinenient criterion [22|. The re- 
lation between the present approach and the Kugo-Ojima 
approach has been clarified recently [T7| . 

We have not fully exploited the Slavnov- Taylor identity 
because of its non-linearity, and in principle there could 
be other symmetries, not considered here, that further 
constrain F. Thus there may be additional flat directions 
besides the ones whose existence we have established, 
and corresponding additional Goldstone particles. These 
could only be in the Y propagator, because the propaga- 
tors of all other ghosts have double poles. In this respect 
a comparison with the recent perturbative calculations of 
Gracey [isj is illuminating. Starting from the present ac- 
tion, Gracey has calculated the ghost and gluon propaga- 
tors to one-loop order and imposed the horizon condition 
to this order. Although our calculation of the infrared 
limit of propagators is non-perturbative, the symmetries 
we have found hold order by order in perturbation the- 
ory, and the Goldstone particles we have found should 
be seen in each order of perturbation theory when the 
horizon condition is imposed. Indeed, the double poles 
we have found the the c-c, and y^"''' propagators 

also appear in Gracey's calculation, as does the suppres- 
sion of the gluon propagator.^ However he finds addi- 
tional double poles in the transverse part of the Y-Y 
propagator that we have not found. This suggests that 
further exploitation of the Slavnov- Taylor identity would 
reveal additional Goldstone bosons corresponding to the 
additional double poles found in one-loop by Gracey. If 
present, they would modify the quark-quark effective in- 
teraction given in (|182|) . 

We have found as an exact result, eq. p69p . that the 
gluon propagator D{k) vanishes like fc^ at fc = 0, 



DAAik) ^ e 



(197) 



as originally found by Gribov [ij. This nicely explains 
the absence of gluons from the physical spectrum. In- 
deed, the equation £'(0) = is not compatible with the 
Lehmann representation. 



D{k) 



(198) 



and a positive spectral function p{M'^) > 0. However 
the short range of the gluon propagator only deepens the 
mystery, in the Gribov approach in Landau gauge, of the 
origin of the long-range confining force between quarks. 
Indeed, in his original paper, Gribov turned from the 
Landau to the Coulomb gauge to address this problem 
[l[ . The exchange of a massless quantum between quarks 



that is assured by the Goldstone mechanism exhibited 
here may offer a resolution of this dilemma. This possible 
confinement mechanism is also proposed in [Tsj . 

From the results DAAik) ~ fe^ and Dccik) ~ l/(fe^)^, 
where Dec is the Faddeev-Popov ghost propagator, we 
obtain for the renormalization-group invariant running 
effective coupling constant [23| . 



off 



(fc) ^ ig'/4n){k'rDAAik)Di-M 



the finite infrared limit 



f(0) = O(l), 



(199) 



(200) 



in agreement with the one-loop result [Tj]. 

It was recently proposed [2J| that there is a triple 
pole in the Y-propagator which, with the factorization 
of ghost momentum from quark-ghost vertex, eq. (jl77p . 
gives an effective one-particle exchange between quarks 
of the form l/(fc^)^ that could be the carrier of a linearly 
rising potential between quarks. Although a triple pole 
is not indicated by the present calculation, it remains a 
possibility if the coefficient of the (fc^)^ term in the ef- 
fective action of the relevant Y ghost were to vanish. In 
any case, we also find here that the longest range force 
between quarks arises from exchange of a Y-quantum. 

The infrared exponents (infrared power laws of the 
propagators) that we have obtained are integer, as they 
are in finite-order of perturbation theory |13| . In con- 
trast, a recent solution of the Dyson- Schwinger equation 
derived from the local action used here [l^, gives non- 
integer infrared exponents. This difference may have its 
origin in truncation error in the Dyson-Schwinger cal- 
culation, or possibly to different choice of Gribov copy 
(different gauge) inside the Gribov horizon, or in the fact 
that the behavior obtained here is delicate because it 
holds only at 7 = jph, and could be missed in a Dyson- 
Schwinger calculation. It would be of interest to look for 
solutions to the Dyson-Schwinger equations that have the 
infrared limit that has been found here. 

We now turn to a comparison with lattice data, which 
has been reviewed recently in [2^. Recall that we have 
obtained a gluon propagator that vanishes like fc^, in- 
dependent of dimension. In 2 Euclidean dimensions it 
is found numerically that D{0) = 0, in accordance with 
this result, but numerically it appears that D(k) van- 
ishes like fcP, with p < 2 [27|. In contrast, on large lat- 
tices in 3 and 4 Euclidean dimensions, it appears that 
the gluon propagator is finite, D{0) > 0, at fc = psl - 
(U- In 3 dimensions there is a clear turnover of D{k) 
which has a maximum at finite fc, and approaches its 
infrared limit, D{0), from above, ^^|r^ > at low fc. 
So in 3 dimensions D{0) though finite, is suppressed at 
fc = [2^ 1131 . Note that from the Lehmann representa- 
tion (jl98p . the first deriveative of D{k'^), 



^ Gracey's result for the longitudinal part of the Y-Y propagator 
(the ^-g propagator in his notation) is not reported in . I am 
grateful to him for communicating this result to me privately. 



dD{e) 

dk^ 



(fc2 +A/2)2 



(201) 



17 



is negative if the spectral function is positive, p{A'P) > 0. 
Thus the observed turnover of £'(fc) in 2 and 3 EucUdcan 
dimensions, with ^'^^''^ > at low k, implies that the 
gluon field produces unphysical excitations. In d = 4 
dimensions there appears to be a shoulder in D{k), if not 
a turn-over, and this would also contradict the Lehmann 
representation with positive spectral function, because 

every derivative ^ is monotonic. 

The only explanation at hand for the observed turnover 
of the gluon propagator in 2 and 3 dimensions is the 
suppression of infrared modes due to the proximity of 
the Gribov horizon in infrared directions, and which is 
otherwise counter-intuitive. It is puzzling that the main 
qualitative feature of the Gribov scenario is confirmed 
by latttice studies, namely suppression of infrared gluon 
modes, but numerically there is disagreement with lattice 
data at fc = 0. The situation with the ghost propagator is 
similar. We have found that the fermi-ghost propagator 
has a double pole l/(fc^)^, corresponding to a dressing 
function k^G{k) that diverges at fc = 0. However lattice 
data show a ghost dressing function that does increase 
as k descreases, but which appears to level off at the 
lowest k available j26| . 

A possible way out has been proposed by Maas [s^l . He 
has studied numerically the properties of different Gri- 
bov copies inside the Gribov horizon, and found that, 
depending on the choice of weight given to different 
copies, one may impose any one of a continuum of values 
for D(0), the gluon propagator at A: = 0. This effec- 
tively makes D{0) into a gauge parameter, within the 
class of Landau gauges inside the Gribov horizon. Thus 
it is possible that the results obtained here correspond 
to a particular Landau gauge within the Gribov horizon. 
An alternative approach which accords with the lattice 
data is to modify the local action used here to account 
for condensation of dimension-2 operators [35| . 

Other unresolved questions are the identification of the 
physical states and observables. It has been found that 
renormalization of the operator requires both BRST 
exact and BRST non-invariant quantities to construct a 
quantum operator invariant under renormalization-group 
equations jl2| . A possible construction of physical ob- 
servables is developed in [s^. We remain far from a sat- 
isfactory understanding of the phases of QCD. 
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Appendix A: Solution of ghost equations of motion 

The extended action with sources for composite opera- 
tors is given in ([23|) . In this Appendix we shall use the 4 
sources M, N, U, V to convert the equations of motion of 



the 4 auxiliary ghosts into 4 Ward identities that are sta- 
ble under renormalization. This was done in Q, but we 
report it here for completeness. A new result reported in 
this Appendix is the solution of the integrated equation 
of motion of the Faddeev-Popov ghost c. 

But first let us recall the Ward identities associated 
with the Faddeev-Popov fields b and c. 



00 



ST „ ST 
— = Ox- 



(Al) 



Sc ^SKx' 
which have the solution 

r = ri(A'A - dxc, ...) + i{dxh, Ax). (A2) 

This gives the complete dependence of F on 6 and c. We 
now derive similar equations for the 4 auxiliary ghosts. 
We have 



511 



Su! 



- = dx[s{Dxcj>,r] -{DxNx^r 

+gr'^iDxcfV^,. (A3) 



We use the identity 



SU? 



= s{Dx^,T - m^ 



(A4) 



to write this as 
(5S 



SY. 



Suj" 



dx^-igAxy-Nx^T 



ST. 



This equation is at most linear in the functional deriva- 
tives and in the field Ax, and consequently one may show, 
by the method that was used to establish the Slavnov- 
Taylor identity, that the same equation is satisfied by the 
quantum effective action F, 



ST (^F , ^ ,r \n 

S^ - d^^.-i9AxyNx.T 



ST 

skI 



+9r'''Ti^V^,. (A6) 



This is the first Ward identity. It has the solution 

F = F2 + (idxb, Ax) + {gAx x Q\ Nx^), (A7) 

where 

T2 = T2iWx~dxuj\Ki,x), (A8) 



Kl^ = Kl - dxc^ - g{Co' X Vx^)\ 



(A9) 



and (w* X Vxi)"" = /"■'"^ui'^W^-. This gives the complete 
dependence on Co. 
Likewise we have 



(5E 



-^x{Dxcf>^)'' - iDxVx^)'', (AlO) 
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We use 



to write this as 



ml 



(All) 



(A12) 



Again this is at most hnear in the derivatives and the 
field Af^, so r satisfies the same equation 

W = -''^ - ^^^^ ^ ^^^'^ 
which is the second Ward identity. It has the solution 

r = ^3 + (^9^6,A^) 

+ igAx X ^\Vx^) + (gAx x Cj\ Nx^), (A14) 

where 

Ta = TsiMl + dx4>, Ux^ - dxio\ Ki,x), (A15) 

and we have made use of our previous rcsuh. This gives 
the complete dependence on w and (/). 

To derive the third Ward identity, wc start from 

= -{DxdxioT + iDxUxr (A16) 
= -dxiVxLoT + 9(dxAx X + {DxUxr. 

We use 

ST, 



SN. 



-DxLo' + U\ 



Xi 



(A17) 



to write this as 



One can show, using the equation of motion of 6 that the 
quantum effective action satisfies the same equation. 



5T 



^dx 



5T /5T \" 
-+^g[—^a^^^ +{gAxxUir, (A19) 



which is the third Ward identity. It may also be written 
which has the solution 

r = r4{Nx, - dxiOi) + iLj\gdxAx x uji) + {U{,gAx x a;,)- 

(A21) 

This gives the complete dependence on ui. We wish to 
write this solution for w in a way that is compatible with 
our previous solution for uj. To this end we write 

TiiNx.-dxuj,) = T^iNx, - dxuj,) 

+ igAx X iI}'\Nxi - dxujj) 
= T^{Nxr ~ dxu^i) + {gAx X Co\Nxi) 
-{dxu}\gAx X uji) 

-{a\gdxAx^Ui). (A22) 



The terms in dxAx cancel and we obtain 

r - T5{Nx^ - dxuJi) + [Ul - dxCj\gAx x uji) 

+ {gAxXLd\Nxi). (A23) 

This expression is compatible with the previous solution 
for UJ (and and we obtain 

r = Te + {id^h, A^) + {Ul - dxCj\gAx x uj,) 

+ {gAx X 4>\Vx^) + {gAx x Cj\Nx,), (A24) 



where 



r6 = r6(A'/r,7v;„[/;',i^i,A), (A25) 



and the primed variables are defined below in (|A38|1 . This 
gives the complete dependence on u), (p, and uj. 
To derive the fourth Ward identity we start from 



(5S 



-{Dxdx^T + Wx - dxuj') X gDxcY 

-{DxMir 
-dxisDxLoT + gidxAx X $T 
+g{dxDxc X CjT " {DxMir 
+ {Ul X gDxcr. (A26) 



We use the identity, 
ST, 



SVx, 



sDxuj'+Ml 



(A27) 



to write this as 



Xi 

ST 
SK~x 



a / 



ST 



SKx 



(A28) 



The quantum effective action satisfies the same equation, 
which yields the fourth Ward identity, 

ST 



ST 


■ (^^ 


SVx^^ ^ 


'Alb 






''SKx 


X Lo^y 





( SV 

This has the solution 

r = Ft - W.gdxAx x 0,) + {M\,gAx x 0,), (A30) 
where 

r7 = r7(VA, + 9A0,,if2,A), (A31) 

A'2,A = A'a + aA(.gc^' X 00 - gUl x (A32) 
= Kx + 5^^' X ^A^i - g[U\ - dxC)') X 4 

and (w' X = f°-'"^uj'^^ x etc. This gives the complete 
4> dependence. To make the solution for cj) compatible 
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with the solution for (j) and w, wc make use of the fact 
that the dependence on V\i+d\4)i is completely arbitrary, 
and moreover, in the solution for <f> we may freely choose 
the dependence on the variables 4>, ui, to to be consistent 
with our previous solution. We write 

TriVx, + dx^,,K2) = (gAx x $\Vx^ + d^dpi) 
+T^{VM + dx^„K') 
= [gAx X ^^ Vx^) + {dx^\gAx x 0^) 
-[gd ■Ax^\ 0,) + T^{Vm + ^x<P^,K'), (A33) 



where 



K'^ = K2^x - dxc - gCo' X {Vx^ + ^xC^^) 



(A34) 



is given below in (|A38p . The dependence of K' on w is 
now consistent with ((X8|) and We substitute (|A33p 

into ()A30|) . The terms \n d ■ A cancel, and we obtain 

r = {dx4>' + Ml,gAx X cpi) 

+ {gAx X 4,\Vx^)+T^{V'J<'), (A35) 



where the primed variables are given in (|A38p . This ex- 
pression gives the complete dependence of F on and 
moreover it is compatible with our previous solution 
(|A24|) for w,^, and uj. We combine the two expressions 
and obtain 



+ r'(^, c, K\ L, M', N', U\ V'), (A36) 



where 



Ep = {idxb,Ax) + [Ml + dx4>\gAx x 0,) 
+ {9Ax X 4>\ Vx^) + {gAx x L0\Nx^) 

+ {Ul-dxCd\gAx^Ui). (A37) 

and a partially reduced set of variables is defined by 



M'x 




+ dx^' 




N'x. 




- dxujt 




U'x 




- dxoj' 




vL 


= yx^ 


+ 9a 0, 




K'x 




- ^AC" - 


g{cd' X Vx^T 






-[giu'x^ 


dxCo') X 0,]" 



This gives the complete dependence of F on 6, c and on 
the 4 auxiliary ghosts (j),^,^,4'- 

There remains one ghost field c which we have not yet 
considered and whose local equation of motion we cannot 
solve. However it obeys an integrated equation of motion, 
which was first given for the present action in that 
will be useful. The operator. 



g"" = / d^x 



kdi 



(A39) 



is a symmetry of the local action E, apart from a breaking 
term that is linear in the local fields, 



g''j: = -giKxx AxT +g{Lxcr. 



(A40) 



The operator itself is also linear in the local fields, so the 
same identity holds for the quantum effective action 

g'^T = -g{Kx X Axr + g{L x c)^ (A41) 

We introduce 

E„„ = Ep + {K'x,9Ax X c) + (L, {-g/2){c x c)), (A42) 
which satisfies 

g'^E.n, = g"E. (A43) 
We separate this term out of the action and write, 

F = + T^iA, c, K', L, M', N' , [/', V), (A44) 
so Fg satisfies. 



^"Fg = 5'"Fg = 0, 



(A45) 



where 



_S_ 



T/bi 



SM'f 



v 



. ^^^^ 

The new element in this Appendix, not found in [J] , is 
the final change of variable 



kx ^ K 

^ Ar^~g{cxU'x) 

vi 



(A47) 



and the new fully reduced quantum effective action F* 
which is a functional of the new variables, 

F'(A, c, K', L, M', iV', U\ V) = 

{K'^,gAxXc) + {L,{-gl1)cxc) 

+T*{A,c,k,L,m,n,u,v). (A48) 

(A38) jt satisfies the simple integrated ghost equation of motion 



ST* 



0. 



(A49) 



This equation is equivalent to the statement that F* de- 
pends only on 9^c, but not on c itself, and we write 



F*(A, dc, k, L, m, n, u, v). 



(A50) 



All other ghosts besides c also appear in F* only as deriva- 
tives that are contained in the sources k,m,n,u and v. 
The fact that only derivatives of all ghost fields appears 
in F* is the functional expression of the well-known fac- 
torization of external ghost momenta from all vertices. 
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Appendix B: One-loop calculation of the vacuum 
free energy 

We wish to evaluate the dependence of the free en- 
ergy r(0, 7) upon 7, to one-loop order, starting from the 
action (1). To this order, it is sufficient to consider the 
quadratic part of this action. The quadratic action of the 
fermi-fields c,c,u],(jJ is independent of 7 and we suppose 
that they are integrated out. There remains 



Sn 



(Bl) 



More generally, since we are only interested in the 7- 
dependence, and 7 appears only in the A-4> and A-cf) 
mixing term, we may freely integrate out all other fields 
besides the ones that mix. We integrate out the h field. 
This imposes the Landau-gauge constraint d ■ A = so 
A is purely transverse, d ■ A = Q. We may decompose 4> 
and (j) into their longitudinal and transverse parts. Since 
A is purely transverse, only the transverse parts of </> and 
(j) mix with A. We suppose that the longitudinal parts of 
(j) and (p are integrated out, so these fields are now also 
purely transverse. We decompose and 4> according to 

<P={l/V2)[X + iY)- ^={l/V2){X -iY). (B2) 

Only Y mixes with A, and we integrate out X. The 
action now reads. 



s, = / d^x [{ii2){d>.Aif + {i/2)d>y^'>d>y^'> 



+t^'/^gV2r'"^A'Y';% 



(B3) 



where is it understood that A^^ and Y^ are both purely 



transverse. Only the part of that is projected onto 



the adjoint representation by 



(B4) 



mixes with A and we integrate out the remaining com- 
ponents of , so the action simplifies to 



- , d^x[{l/2)id^Air + {l/2){d,Yp' 

+ij'/'g{2N)'^'A;Y^]. (B5) 
This is the correct normalization because 

pab.cd = (1/7V) ^ fabej^cde (-gg^ 



is a projector 



pab,cd pcd.ef pab.ef 



(B7) 



We complete the diagonalization by forming the i- 
particles [IBl, 

\i = {l/V2){A + Yt- r^l = {l/V2){A^Y)t (B8) 



so Sq is diagonal, 

S, = j d^x{lm^,K?+^M\Kf 

+ [d^nlY-iM\r^:)% (B9) 



where we have written 

M2 = 7i/2g(2iV)i/2 



(BIO) 



This action is diagonal in momentum space. We quan- 
tize in a periodic Euclidean box of volume $7, so 

A^(z) = r!-i^exp(zfc.x) A^(fc), (Bll) 

k 

and similarly for 77, so the action reads 

Sq = (20)-l^[(fc2+^A/2)|^a(fc)|2 

k 

+ {k^-zM^)\ri:{k)\% (B12) 

where = 2iTn^/L and Vl = L^, and runs over 
all integers. The one-loop contribution to the partition 
function, with all sources set to 0, is given by 

Zi{l) = j\{d\driei^j>{-Sq) (B13) 

For each k there are N"^ — 1 color components and D — 1 
(transverse) Lorentz components, of the fields A and 77, 
which gives 

Zlil) = X{[{k^ + zM2)(/fc2 _ ,^,j2)]-(Ar^-l)(D-l)/2^ 

(B14) 

With ^1(7) = exp[— ri(7)], we get 

ri(7) = {N^- - \){D - l)Re^ln(fc2 + iM^), (B15) 



or 



ri(7) 



[N^ - l){D-l)Q. 



Re 



(27r)^ 



ln(fc2 -f iM^), (B16) 



where Re means real part. We go to D-dimensional 
spherical coordinates to obtain 



£1(7) 



[N^ ~1){D-1)Sd-i 



(B17) 



xRe 



de (p)(^-2)/2 



2(27r) 



D 



where Sd-i = 2t:'^/'^ /T(D / 2) is the area of a £> - 1 
dimensional sphere. With y = k^ and dimensional regu- 
larization, this gives, after a partial integration, 



ri(7) iN^-l)iD^l)SD-i 



{2n)DD 



J (B18) 
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where 



J = Rc dy 



lD/2 



y + iAP ' 



(B19) 



or, with y = iM'^z, 

oo 

r 

J = Re[exp(i7r/2)M2]-°/2 / dz . (B20) 

J z + l 



This gives 

oo oo 

,; = „.(,I,/4,M-/../^.-/^exp[-(. + lH 



oo 

= cos(7ri:>/4)A/^r(l + D/2) J da a^^^+^Z^^ exp(-a) 



^ cos(7rD/4)Af^r(l + D/2)r(-D/2) 



cos{ttD/A)M 



D 



sin(-7rD/2) 



2sin(7rL>/4)' 
We obtain in dimension D, 

ri(7) (iV2 - 1)(L>- l)7rM^ 



n {4:Tr)D/^Dr{D/2)sm[n{4~ D)/4:y 



(B21) 



(B22) 



In the formula for the partition function, we set to zero ah 
sources besides AI and V, namely K ^ L = N = U = 0, 
and Ja = for all sources Ja of the elementary fields . 
We integrate out the b field so the Landau gauge condi- 
tion, d ■ A = 0, is satisfied on-shell. We next integrate 
out the c field which gives S{Mc) = det S{c), where 
A4 = —d^D^ = —D^dfj. is the Faddeev-Popov opera- 
tor which is hermitian because d ■ A = 0. Here det Ai 
is the Faddeev-Popov determinent, and 6{c) is the func- 
tional delta-function, which may be written in a mode 
expansion (5(c) = Yii Ci-) We next integrate out c, which 
results in setting c = everywhere, and we integrate out 
the auxiliary fermi ghosts w and ui which gives a factor of 
(det A^)-^ . As a result, the extended action E is replaced 
by 



Si = (l/4)(F^„F^,) + (0-,A^'^V?.^) 



(C2) 



and Z = Z{M,V). With WiM,V) = In Z{M,V), we 
have 



SW 



= -Z-i / dAd<i,d4> {D^rJ' + V^^) 
X exp(-I]i)|Q, 
-Z-i / dAd<pd4> {Dxcjyf - 7'/'5am'5"') 
xexp(-I]2), (C3) 



where 



£1(7) ^ (N^ ^ l)(D - 

n {Ait)D/^DT{D/2) sin[7r(4 - D)/^ 



■{2Ng'j) 



(B23) 

We write D = 4 — e, and take the limit e 0, which 
gives, 

ri(7) 3(jV^-l)(2iVg^7) ^l 1 2 , 4^ 

{A^^ 17 - 4 ^'^ ) 

(B24) 

where we have introduced a normalization mass We 
drop the pole term, and obtain for the one-loop contri- 
bution to the quantum effective action. 



ri(7) _ 3(iV2 - l){2Ng-'-f) 



n 



4(47r) 



H2Ng^j/ti^). (B25) 



Appendix C: Proof of identity 



In this Appendix we prove equality f35|) . By ([3T|) it is 

sufficient to show 



•' A, a 



5W I 



A, a AA 



(CI) 



S2 = Si|q=Qi 



(1/4)(F^„F^,) + (</.-, X- 



d^x {7^/^[i?A 



(C4) 



Here we have set M^^^ 



l'^^'^5\,f_,5°-^ because 
Q = Qi- By a similar calculation we obtain 



_yab 



SW 



SVC 



= dAd(l,d^iDxrJ'+-/'^^Sx^,d^') 



X exp(-i;2). 



(C5) 



In the last integral we make the change of variable 
(f) ^ (j)' and (p = (j)' ■ Then, after dropping primes 
and using the hermiticity of the Faddeev-Popov opera- 
tor, ((/);i^7W"''^|^=) = (0;i^7W"VM ) which holds because 
3 • A = 0, we obtain 



5W 



This gives 
tion. 



-Z' 



dAdcbd^ {~Dx4>f + 7'/'5ap'5"') 
xexp(-I]2). (C6) 



SW 



SW 



SM^ 



which proves the asser- 
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